INTRODUCTION
By a cRaracte&stic cyclic series (c.c.s.) of a group G is meant a finite series 1 = G,ZG,C.-.CG, = G, such that each Gi is characteristic in G and each Ga+r/Gi is cyclic. The purpose of this paper is to investigate groups having a C.C.S. and the cfose relationship between these groups and those having supersolvable automorphism groups. In Section 2 we state some basic facts about groups with a C.C.S. and give some examples. In Section 3 we show that if G has a c.c.s., then the automorphism group of G is supersolvable (Theorem 1). The converse of this is true if G is finite Abelian provided that Ja i: Ja is not a direct factor of G (Theorem 3). Using these theorems, it is easy to show that if G is a finite Abelian p-group, p a prime, then G has a C.C.S. if and only if the automorphism group of G is supersolvable and the exponent of the automorphism group of G divides p"(p -1) for some t >, 0 (Theorem 5). This can be extended to arbitrary finite p-groups if p = 2 or p = 3 (Theorem 6); we conjecture that it can be extended to all finite p-groups, p a prime. In Section 4 we determine all finite groups G such that every proper subgroup of G has a U.S.
Most of the notation is standard as found in Ref. [4] . We list the exceptions below.
We write o(G) for the order of a finite group G, and we write exp(G) for the exponent of a group G. If H is a subset of G, then gp(H) denotes the sugroup of G generated by H. If G is a p-group of order pPz and the nilpotency class of G is n -1, then we say G is of marimal class. We denote the derived group of G by G'. If G' and G/G' are cyclic, then we say G is metacyclic.
If H and K are groups, then H wr K is the (standard restricted) wreath product of H and K. J,' denotes the cycIic group of order n.
We wiI1 occasionaIly refer to the groups M(p), M(nz, pj, D,, , 0, , and S.,, .
These are all defined in Ref. [4] .
BASIC FACTS
It follows immediately from the definition that if G has a c.c.s., then G is supersolvable; however, there are supersolvable groups which do not have a c.c.s., for example Js x JZ . This example also shows that the class of groups having a C.C.S. is not closed under direct products. But if G can be written as a finite direct product G, x ... x G, , where each Gi char G, then G has a C.C.S. if and only if each Gi has a C.C.S. Hence in studying finite nilpotent groups having a C.C.S. we can restrict our attention to p-groups.
We also note that the class of groups with a C.C.S. is neither subgroup closed nor factor group closed, since, e.g., JZ x J4 has a C.C.S. but JZ x JZ does not; nor is the class closed under extensions, since JZ x JZ does not have a C.C.S. If H char G, and H and G/H both have a c.c.s., then G has a C.C.S. This follows immediately from the fact that if H char G and K/H char G/H, then K char G. One can also show that if G has a C.C.S. and H is a maximal characteristic Abelian subgroup of G, then His a maximal Abelian subgroup of G. (This is done in the same way that one shows that if G is supersolvable and H is a maximal normal Abelian subgroup of G, then H is a maximal Abelian subgroup of G [7. 7.2. 201 ). Finally, we point out that for G finite any two characteristic series of G have equivalent refinements [7, P. 431 ; also, if G has a c.c.s., then, without loss of generality, we can assume each factor is either infinite cyclic or cyclic of prime order.
For the remainder of this section we will list some examples of groups with a c.c.s.
If G g n% J,mi , nzi > md+l , 1 < i < n -1, then, using some results by Burnside [2, Section 821, one can show that G has a C.C.S. if and only if m, > mi+i , 1 < i < n -1. Since a finite Abelian group G can be written as the direct product of its Sylow p-subgroups, each of which is characteristic in G, this completely determines all finite Abelian groups with a C.C.S. We can also show that, for any positive integer z, all groups of order n have a C.C.S. We have also determined which groups of order p3 and p" have a C.C.S. We state our results below but omit the proofs. PROPOSITION 1. Let G be a ?zonAbelian p-group oj order p3, p a priwze. Then G has a C.C.S. ;f a?zd otzly ;f G s D, or G g M(3, p), p atz odd privze. We have attempted to determine all finite wreath products having a c.c.s., but have not yet been able to do so. (Finite supersolvable wreath products have been completely determined [3] ). W e h ave some results which we state below without proof. If W has a c.c.s., then ,4 is a p-group.
3) Let p be a prime. Then Jem wr Jpr has a C.C.S. 4) Let A be a jnite .4belian group with a c.c.s., and let B s J2 . Then A wr B has a C.C.S. 5) Let A be a finite Abelian 3-group with a c.c.s., and let B s J3 . Thert A wr B has a C.C.S.
AUTOMORPHISM GROUPS OF GROUPS WITH A C.C.S.
If G is a group and H char G, then (a E aut(G) 1 g-'(ga) E H for eachg E G] is a normal subgroup of aut(G). Conversely, if B is a normal subgroup of aut(G), then {g E G j ga = g for each 01 E B} is a characteristic subgroup of 6. Hence it is natural to ask the following questions: 1) If G has a c.c.s., what can we say about the structure of aut(G) ?
2) What conditions can we impose on aut(G) so that G will have a C.C.S. ?
Before attempting to answer these questions we need the following definition. Let
be a series of subgroups of G. Let B = {a E aut(G) [ g-l(goL) E G,-l for each g E Gi , 1 < i < n>. Then B is called the stabiZity group of Eq. (I). It is easy to show that if each Gi char G then B is a normal subgroup of aut(G). To prove this, let D, be the stability group of 1 _C Gi C G,,, c 0.. C G, = G, 0 < i < k. Let Ci = D, n Di , 0 6 i < k. Then C, = D, C, = C, each ci Ll A, and Cidl 2 Ci , 1 < i < k, so we only need to show that Ci/Ci-, is cyclic, 1 < i < k.
Fix i, and consider C.JC,-, . Let IxC,-~ be a nontrivial element of C,/C,-, .
Then 01 E D, n D, , (y. 6 D,, . If we let G1 = gp(xr) and Gj = gp((G+i , xj}), 2 <j < n, then we have xja = xi , 0 <j 6 k, and x~+~o~ = xk+r(xi)ag, g E Giel , a an integer, a # 0. Choose DI so that 1 a 1 is minimal.
Let /3 E Ci . Then x@ = ~j , 0 <j < k, and ~k+.lp = x,+,(xi)"h, h E Gi-1, b an integer. Let I = (a, 6). There exist integers s, t such that sa + tb = r.
Hence xk+J3"c8 = xlc+l(xJT g', g' EG,-,.BytheminimalityofIal,./r/ -]aJ, so a / b. Hence b = ca for some integer c. Then x~+J~%~ = xlc.tlh', h' E Gi, .
Hence p--l& E C,-r . Therefore ,K'i-l = (cxC~-~)~, so Ci/C<-, is cyclic. Hence aut(G) is supersolvable.
The converse of Theorem 1 is not true, since, for example, Js x Js has supersolvable automorphism group but does not have a C.C.S. We will show that the converse is true if G is a finite Abelian group such that J2 x Js is not a direct factor of G. We need the following lemma. P. There exist automorphisms 01, /3 E aut(G) such that CZCL = aB, bol -b and ap = a, bp = ab. CX, j3 E P, but ~$3 $ P. This is a contradiction, so for p + 2, aut(G) is not supersolvable. Now assume p = 2. Am(G) is supersolvable, so it has a normal subgroup H such that (o(H), 2) = 1 and aut(G)/li is a 2-group. There exist automorphisms 01, ,9 E aut(G) such that ucx = aa"-%, bol = on-*-1 Er.-1-1 ab and o$ = b2n-1-lb2n-1-1, b/3 = ab2"-l-l. Then CL, /3 E H, but a/I 6 19. This'is a contradiction; so aut(G) ' is not supersolvable. Proof. If G has a c.c.s., then aut(G) is supersolvable by Theorem 1. Now assume aut(G) is supersolvable. Without loss of generality, we may assume G is a p-group for some prime p. Then G g lJb, J,t7zi , rwi > n~+~ , 1 < i < 1z -1. ny=, (aut(JPf?zJ) c aut(G); so, by Lemma 2, nz, > mifl f 1 < i < 112 -1. Using the characterization of finite iZbelian groups with a C.C.S. given in Section 2, we see that G has a C.C.S.
It follows from Theorem 3 that if G is a finite Abelian group such that Ja >: ,Tz is not a direct factor of G, then G has a supersolvable holomorph if and only if aut(G) is supersolvable.
By placing more restrictions on the automorphism group of G we can get rid of the "exceptions" in the above theorem. We need the following lemma. We conjecture that Theorem 6 can be extended to all finite p-groups. By Theorem 1 and Lemma 4 we know that if a p-group G is a counterexample to this conjecture then G does not have a c.c.s., but G does have supersolvable automorphism group and exp(aut(G)) 1 p"(p -1) for some t > 0. We have shown that certain groups cannot be counterexamples to the above conjecture. In practically every case we have done this by showing that aut(G) is not supersolvable. In fact, the only examples we now have of groups which do not have a C.C.S. but do have a supersolvable automorphism group are groups with J2 x Js as a direct factor. This leads us to pose the following open question. (Compare the fact that a finite group is supersolvable if its automorphism group is supersolvable [5, p. 1641.) Question. If G is finite, Js x Js is not a direct factor of G, and aut(G) is supersolvable, does it follow that G has a C.C.S. ?
4. MINIMAL GROUPS WITHOUT C.C.S.
The main difficulty encountered in the study of groups with a C.C.S. is that the class of these groups is neither subgroup closed nor factor group closed, so that there is no natural way to induct. The following theorem shows how far the class is from being subgroup closed. Conversely, if every Sylow subgroup of G is cyclic, then for any subgroup H C G, every Sylow subgroup of Ii is cyclic. Then H is metacyclic [7, Theorem 12.6171 , and H has a C.C.S.
All groups having cyclic Sylow subgroups are known [7, Theorem 12.6 .173; so the above theorem completely determines ail groups G such that every subgroup of G has a C.C.S.
The following theorem characterizes the minimal finite groups not having a C.C.S. Proof. We will first show G is supersolvable. Suppose G is not supersolvable. Every proper subgroup of G is supersolvable, so for some prime divisor p of o(G), there exists a Sylow p-subgroup S of G such that S 4 G, S/@(S) is a minimal normal subgroup of G/@(S), and S/@(S) is not cyclic [6, p. 7211 . But S is properly contained in G, so S has a C.C.S. Hence there exists a subgroup T char S such that @(S) C T 2 S and o(T/@(S)) = p. But then T/D(S) 4 G/@(S), and this contradicts the minimality of S/@(S). Hence G is supersolvable.
We can now show G must be a p-group for some prime p. Assume o(G) = p;l ...pik-,K>2, eachpi a prime andp,>pi+r, 1 <i<k-1. G is supersolvable; so we have a Sylow tower G/S(K -1) has a C.C.S. Thus, since S(k -1) char G, we can refine the series 1 _C S(k -1) C G to a C.C.S. of G. This is a contradiction, since G does not have a C.C.S. Thus G is a p-group for some prime p. If G is Abelian, then there exists a subgroup H C G such that Hr J, x J, . H does not have a c.c.s., so we must have G = H. Hence Gg J, x J, .
Assume G is non-Abelian. Every Abelian subgroup of G is cyclic, so G-0 -,m 3 m 3 3 [4, Theorem 54.101. But for m > 3, Qm has a c.c.s.; so we must have G s Qa .
Remark. We can show that if G is an infinite nilpotent group with torsion subgroup T, then every subgroup of G is a C-group if and only if T is cyclic of finite order and G/T is an infinite cyclic group. We can also show that Theorem 2 holds for any finitely generated nilpotent group.
